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ABSTRACT

The number of chief factors which are complemented in a finite group G
may not be the same in two chief series of G, despite what occurs with the
number of frattini chief factors or of chief factors which are complemented
by a maximal subgroup of G. In this paper we determine the possible
changes on that number. These changes can only occur in a certain type
of nonabelian chief factors. All groups considered in this paper are assumed
to be finite.

1. G-equivalent G-groups

Recall that a G-group A is a group A with a homomorphism 6: G — Aut A. If
there is no confusion we put a9 = a9 ifa € A, g € G. Given a G-group A we
have the corresponding semidirect product G A, where the multiplication is given
by g1a1 - g2az = g1g2a%aa, g; € G, a; € A, i = 1,2. Observe that ker § = Cg(A).

Two G-groups A and B are said to be G-isomorphic, denoted 4 = B, if there
exists an isomorphism ¢: A — B such that a9% = a¥9, a € A, g € G. Then we
say that ¢ is a G-isomorphism.
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(1.1) Definition: Let A and B be two G-groups. We say that they are G-
equivalent and put A ~¢g B, if there is an isomorphism ®: GA — GB such that
the following diagram commutes:

] — A —— GA > G > 1
ol ]
l1—— B —— GB » G — 1

Then the extensions A — GA — G and B — GB —» G are said to be
equivalent. They are in fact isomorphic in the category of extensions by G and
the pair (¢, ®) is an isomorphism in the terminology of Gruenberg [5].

It is immediate that this relation is an equivalence relation.

On the other hand, if ¢: A — B is a G-isomorphism, then (ga)® = ga®, g € G,
a € A, defines an isomorphism ®: GA — GB which makes the above diagram
commutative. That is, two G-isomorphic G-groups are G-equivalent.

The converse is not true. Consider, for instance, G = A x B, where A and B
are isomorphic nonabelian simple groups. Then A and B are G-equivalent, but
not G-isomorphic, as Cg(A) = B and Cg(B) = A.

In this context the nonabelian cohomology is useful. We follow the terminoclogy
of Serre in [12]. Given a G-group B and a 1-cocycle 8 € Z'(G, B), then »7(9) =
99° defines a homomorphism 7: G — Aut B. The corresponding G-group is
denoted Bg and called the G-group obtained from B by torsion via 3.

(1.2) ProposiTION: Let A and B be two G-groups. They are G-equivalent if
and only if there exists a 1-cocycle B € Z(G, B) such that A =g Bg (i.e. if there
exists an isomorphism ¢: A — B such that a9¢ = a""ggﬁ, a€ A geQG).

Proof: From right to left: Define ®: GA — GB by (ga)® = gg”a¥®. The other
direction: Define 3: G — B by ¢ = g~1¢°. |

Observe that we are in fact involved with the coupling x: G — Out A induced
by the G-group A4, i.e. by the homomorphism 8: G — Aut A. In the case where A
is a nonabelian irreducible G-group, we are with the corresponding unique class
of equivalence of extensions of the centerless group A by G (e.g. 11.4.10 of [11]).

We have, as an immediate consequence, that two G-equivalent G-groups are
similar in the sense of Kovacs and Newman [10].

On the other hand, two abelian G-groups are G-equivalent if and only if they
are G-isomorphic. (If A is an abelian G-group, then Inn A = 1, hence any torsion
~in the above sense— on A is trivial.)
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However, as we have seen, for nonabelian G-groups the G-equivalence is strictly
weaker than G-isomorphism, and provides some criteria, as the one in the next
proposition.

Recall that a chief factor H/K of G is frattini if H/K < ®(G/K). It is
complemented if there exists a subgroup U of G such that UH = G and UNH =
K (then U is a complement of H/K in G). An abelian chief factor of G is non-
frattini if and only if it is complemented, but that is not true for nonabelian chief
factors, which are obviously in any case non-frattini.

(1.3) ProprosITION: Let H/K be a nonabelian chief factor of G. Then H/K is
complemented in G if and only if there exists a G-group B, B ~¢ H/K, such
that H < CG(B)

Proof: Assume that U is a complement of H/K in G. We consider the G-group
B whose underlying group is H/K with the action of G defined by

6:G— Aut B
given by b%(9) = p¥, and the 1-cocycle
8:G— B

given by ¢° = hK, if g € G, g = uh, w € U, h € H. It is immediate that both
are well-defined mappings, that 6 is a homomorphism and that g is a 1-cocycle.
Let now

p:H/K —» B
given by (zK)¥ = zK, if z € H. With the above notations, we have
(@K)% = (oK)? = (@K)** = [(=K)" |0 = [(=K)* @),
hence H/K =¢ B and H/K ~¢g B by (1.2). On the other hand,
Co(B)={uh|ueU, he H, (zkK)* =2K Vz € H} =Cy(H/K)H;

in particular, H < Cg(B).

Assume conversely, with (1.2), that we have a G-group B and a G-isomorphism
¢: B = (H/K)q4, where a € Z}(G,H/K), such that H < Cg(B). If b € B,
h € H, we have

b = (b)% = bPhh",
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hence hh* € Cy/x(H/K) = 1, as H/K is a nonabelian chief factor of G.
Therefore, h* = h~1K if h € H.
Take U = kera. Let g € G and ¢* = hK, h € H. We have

(gh)* = g°"h* = (hK)(h™'K) =1,

hence G = HU. Ifuc UNH,then 1 =v® =u"'K,and HNU = K. |

Observe that this is precisely a result for nonabelian chief factors: If H/K is
an abelian chief factor of G, then H < Cg(H/K), hence with this hypothesis
the ‘only if’ implication in the above proposition is also true if H/K is frattini
whereas the converse is false.

Given a group G, the socle S(G) of G is the product of all minimal normal
subgroups of G. Recall that a group G is said to be primitive if it has a maxi-
mal subgroup with core trivial. The socle of a primitive group G can be either
(I) an abelian minimal normal subgroup of G, or (II) a nonabelian minimal
normal subgroup of G, or (IIT) the product of exactly two nonabelian minimal
normal subgroups of G. We say then respectively that G is primitive of type I, 11
or III. Two chief factors are said to be G-related if either they are G-isomorphic
between them or to the two minimal normal subgroups of a primitive epimorphic
image of type III of G [2], [7]. We set

CF(G):={H/K | H,K 9G, H/K chief factor of G}.

Let Ig(A) = {g € G | g induces an inner automorphism in A}, where A is
a G-group. It is immediate from (1.2) that if A and B are two G-equivalent
G-groups, then I5(A) = I¢(B).

(1.4) PrROPOSITION: Let Fy,Fy € CF(G). Then the following assertions are
equivalent by pairs:

(1) FA ~¢ F3.

(2) Fy and F; are G-related.

(3) Either Fy ¢ F, or there exist E; € CF(G) such that F; =¢ E; (1 = 1,2)
and E; and E, have a common complement in G which is a maximal
subgroup of G.

(4) Either Fy =g F, or there exist E; € CF(G) such that F; =¢ E; (i = 1,2)
and E, and E, have a common complement in G.

Proof: We have that two abelian chief factors of G are G-equivalent if and only
if they are G-isomorphic if and only if they are G-related. On the other hand, a
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complement U of an abelian chief factor H/K of G is a maximal subgroup of G
and, if E = coreg(U), then G/FE is primitive of type I with socle S(G/E) = C/E,
where C' = Ce(H/K), and we have C/E =g H/K. So we may assume that the
factors are nonabelian and not G-isomorphic. Let Fi = H/K, Fy = L/M, where
H,K,L,M 4G.

(1) = (2) Set A = Cg(H/K) and B = Cg(L/M). Then A # B. We have
Ig(H/K) =1g(L/M) =:1I. So

A/JANB=gI/B=;L/M, BJANB=¢I/A~cH/K.

We must show that G/ANB is primitive of type III. We may assume that ANB =
1. Then Cg(A) = B and Cg(B) = A. As we are with an equivalence relation,
B ~¢ A. Then there exist a € Z'(G, B) and a G-isomorphism ¢: B — A,. As
we see in the proof of (1.3), U = ker a complements A in G. Let now b € B and
u € BNU. We have that

pY = pPY = pruu” _ pup

2

hence b = b*. Sou € Cg(B) = A, henceu =1and BNU = 1. Hence U is a
maximal subgroup of G with trivial core.
(2) = (3) follows immediately from the definition and (3) = (4) is trivial.
(4) = (1) Assume that a subgroup U of G complements both H/K and L/M,
where H/K ¢ Fy and L/M =g F,. So, with E = coreg(U), U complements
EH/FE and EL/E. Consider

¢: EL/E — EH/E and 8:G— EH/E

given, respectively, by (zE)? = yE,ifx € L,y € H and zy € U, and ¢® = yE if
g€G,y€ Hand gy € U. Then 8 € Z'(G,EH/E) and ¢: EL/E — (EH/E)s
is a G-isomorphism, that is, EL/E ~g EH/E. |

(In the proof (1) = (2) it is not sufficient to show that G/A = G/B is a
primitive group of type I, s. [2] 1.2(b).)

(1.5) Definition: Let A be an irreducible G-group. Put I = Ig(A). We set
Dg(A) =({R|R<I,R<G,A~gI/R,I/R is non-frattini},
Ec(A) = {g € G| g* =1 Va € Z(G, A)}.

Observe that if A ~g B, then Dg(A) = Dg(B). The quotient I¢(A)/ Dg(A)
is the so-called A-crown of G{a generalization of a concept due to Gaschiitz [3])
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of interest on some questions of Schunck classes or of classes of groups in general
[2], [7]. When A is abelian, in fact an irreducible F,G-module, this crown appears
in relation to the principal indecomposable modules of the group algebra F,G [1],
[6], [9]-

If o € Z'(G, A), B = a- B defines a bijection between Z'(G, A,) and Z}(G, A)
[12], so Eg(A) = Eg(B) if A ~¢ B.

Let A be a G-group. We put A® = H%(G,A). Let N < G. Then A is,
by restriction, an N-group and Z!(N, A) is a G-set with n(*") = (ng_l)”g, if
n € N, v € Z(N,A), g € G. Recall that H(G, A) = Z}(G, A)/ ~, where if
v,v' € Z}(N, A), then v ~ v/ if there exists a € A such that n*’ = (a=1)"n¥a. In
this case we have

il 1

v'9 g g —1ynd ! gt
n’ =(n? ) —((a ) n

ua)g — (a—l)gnnugag,
hence 19 ~ v'?, that is, H}(NV, A) is also a G-set.
As for G-modules [5] we have the following

(1.6) LEMMA: Let
N— G- G/N

be a short exact sequence of groups, where N < G and the arrows are the
canonical inclusion and projection. If A is a G-group, we have the following
exact sequences of pointed sets:

0 — ZY(G/N, AN) 25 724G, A) =5 ZY(N, A),
0 — HY(G/N, AN) 25 HY(G, A) = HY(N, A)C,

where inf and res denote the corresponding inflation and restriction maps.
Proof: It is a routine check. |
(1.7) THEOREM: Let A be an irreducible G-group and N 4 G, N < Cg(A).
Then the following assertions are equivalent by pairs:

()N <Eg(4), (2)Z'(G,A)=2Z'(G/N,4), (3)H'(G,A)=H'(G/N,A).

Proof: If suffices to consider the lemma and note that the inflation is bijective
if and only if the restriction is null and that is equivalent to N < ker{a) Va €
7@, A). .

As a consequence of [9] we have:
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(1.8) CoROLLARY: If A is an abelian irreducible G-group, then Eg(A) = Dg(A).

In the following we are interested in the nonabelian case.

Recall that, if A is a G-group, then a: G — A is a l-cocycle if and only if
a*: G — GA given by g% = gg° is a homomorphism, and that o — G defines
a bijection between Z'(G, A) and the set of complements of A in GA. Observe
that then ker & = G® N G. We can give the following characterization:

(1.9) THEOREM: Let A be a nonabelian irreducible G-group. Then
Eg(4) = n{C¢(B) | B ~¢ A}.
Proof: By (1.3) we have that

(Y{Ca(B) | B~g A} =[ |{Cc(4a) | a € Z'(G, A)}.

Consider the semidirect product GA. From the remark above this theorem we
have immediately that

Ec{A) = ﬂ{H | H is a complement of A in GA}.

In particular Eg(4) < GA and Eg(A)N A = 1. As Eg(4) < G, we have that
Eg(4) < Cg(A). On the other hand, if « € Z'(G,A) and g € kerco, then

g € Ca(A) if and only if g € Cg(A,). So we have that
Ec(4) < [){Co(4q) | @ € Z}(G, A)}.

Assume now that g € ({Cg(4a) | @ € Z'(G,A4)}. Then a%9" = a Va € A4,
Vo € ZYG,A). With a = 0 we obtain that in particular a9 = a Ya € A.
Therefore a?” = a Ya € A. Then g* € Z(A) = 1 as A is semisimple. Hence
g € Eg(A4). 1
(1.10) LEMMA: Let A be an irreducible G-group such that Cg(A) < Ig(A4).
Then D (A) < Cg(A) if and only if Ig(A)/ Cg(A) 2 A.

Proof: Put I = Ig(A), etc. If I/C =¢ A, as I/C is nonabelian, then it is not
frattini, hence D < C, by the definition of Dg(A).

Assume now that D < C. Then I # C, as A is nonabelian. As I/D is a
completely reducible G-group, we have I/C =5 A. 1

(1.11) CoroLLARY: Let A be a nonabelian irreducible G-group such that
{BeCF(G)| B ~g A} # 0. Then

Da(4) = {Ca(B) | B ~c A, B € CF(G)}.
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(1.12) Definition: Let A be a nonabelian irreducible G-group. We set
Jo(4) =({{Ca(B) | B~c A, B%c F, F € CF(G)}

if {B| B ~g A, B %¢ F, F € CF(G)} # 0 and we put Jg(4) = Ig(A)

otherwise.

(1.13) PROPOSITION: Let A be a nonabelian irreducible G-group. Then

Ig(A) = JG(A) Dg(A) and JG(A) N DG(A) = EG(A)

Proof: 1t is clear that Jg(A)NDg(A) = Eg(A). Let B ~¢ A such that B%¢ F
if F € CF(GQ) and set S = Cg(B). Put I = I5(A), etc. We have that I/S is
G-isomorphic to a proper subgroup of B. Then, as DS is a normal G-subgroup
of I and I/D is a completely reducible G-group with its irreducible components
G-equivalent to A, we have DS = 1.

Assume that DJ < I. Let I/R be a chief factor of G such that DJ < R.
Then I/R = A, because D < R. As J < R, there exists B ~¢ A, B 2¢ F if
F € CF(G), such that I/ Cs(B) has a factor isomorphic to I/R, in contradiction
to |1/ Cg(B)| < |A]. |

2. On complemented chief factors

We say that a chief factor of G is a c-factor, resp. m-factor, if it is complemented
in G by a subgroup, resp. maximal subgroup, of G; otherwise we say that it is
a c/-factor, resp. m’-factor. Observe that an abelian chief factor is an m-factor,
resp. m'-factor, if and only if it is a c-factor, resp. frattini.
As a consequence of [8], if H,K < G, H < K, given two chief series of a
group G
H=Xy<X;<---< X, =K,
H=Yy<Vi < .- <Y, =K,
between H and K, then n = m and there exists a unique permutation 7 in &,
such that:
(1) Xi/Xi1 ~g Yin[Yin_1.
(2) X;/X;_1 and Yix/Yir_; are simultaneously m-factors or m’-factors.
(3) If X;/X;_1 and Yi=/Y;~_; are m-factors, they have a maximal subgroup of
G as common complement.
In particular, the number of m-factors in any chief series of G is the same. But

this is no longer true for c-factors in spite of the equivalence between (3) and (4)
in (1.4).
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If A*/A and B*/B are chief factors of G, we put B*/B \, A*/A if A*B = B*
and A*NB=A.

(2.1) LEMMA: Assume that B*/B is a J-factor and A*/A is a c-factor of G
such that B*/B \, A*/A, and that they are nonabelian. Let I = 15(A*/A) and
C = Cg(A*/A). Then there exists a normal subgroup X of G, X < I, such that,
with N = X NC, one has I/C ~\, B*/B, X/N \, A*/A and:

(1) I/C N X/N,I/C is a d-factor and X/N is a c-factor.

(2) G/C is a primitive group of type I and S(G/C) =1/C.

(3) There exists a supplement F of I/C in G such that G/N is isomorphic to

the natural semidirect product of F//C by I/C.

Proof: Observe that I/C ™, B*/B, hence I/C is a ¢/-factor. Take a chief series
between A and C. By multiplying by A* there results another one between A*
and I. The formed transoms are chief factors of G. As I/C is a c’-factor but
A* /A is a c-factor, we obtain chief factors M/X and Y/N such that

T/CN MY N X/N N\, AY/A,

M/Y is a c'-factor and X/N is a c-factor. We may assume that N = 1.

Let U be a complement of X in G. Consider K = UNC. X centralizes and U
normalizes K, hence K < G. Wehave U(KX) =G and UNKX = K(UNnX) =
K, hence KX/K is a c-factor. As I/C \, KX/K, we may assume that K = 1.

Observe finally that vz — (uC)(zC), where v € U and z € X, defines an iso-
morphism between G = UX and the natural semidirect product
{vc/o)r/a. |

We can construct the situation of the lemma, similarly to an unpublished
example of Forster, which turns out to be characteristic of this context. Let Gg
be a group, Xy < Gy and let Hy be a supplement of X in Gy. Set Ly = HoNXp.

Consider the semidirect product

GZHo[Xo]Z{(h,I)IhEHo,:L‘EX()}.

Put H={(h,1) |h€ Hy}, X ={(1,z) | z € Xo}. We have that G = HX,
HNnX=1,X<G.

Let now B = {(d,1) | d € Loy}, L = {(1,d) | d € Lg}. We have that
C ={(d,d7') | d € Lo} verifies:

(1) C<4G,XNC=1,1:=XC=XB,B=HnNI

(2) XNBC =L, BL=BC, L<HC, [L,C] = 1.
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(38) L=y By C.

Assume now that Gy is a primitive group of type II and that S(Gp) = X is
not complemented in Gy (Go = Aut Ag, Xo = Inn Ag, for instance). Then we are
in a situation like the lemma.

(2.2) PROPOSITION: Assume that, in the above situation, X;/X;_; and
Y= /Yix_1 are m'-factors. Then, either
(a) both factors are c'-factors, or
(b) both factors are nonabelian c-factors, or
(c) both factors are nonabelian, one of them is a c-factor, the other one is a
c'-factor and there exist normal subgroups I, C, X and N of G verifying
(1)-(3) of the lemma.

Proof: Assume that X;/X;_; is a ¢’-factor and Y~ /Yj=_; is a c-factor. Then, as
we see in (8], either there exist R*, R, normal subgroups of G with

R*/R\, X;/ X1, R*/R\,Yir/Yir_1,
or there exist S*, S, normal subgroups of G with
Xi/Xiz1 \( S*/S, Yir [Yin 1 \ ™/,

where R*/R and §* /S are m’-factors, or there exist S*, S, Z, T normal subgroups
of G with

Xi/Xi1 N S*/Z N TS, Yir [Yir o1 \(S*/T N\ 2/,

where S$*/Z and S*/T are m’-factors, and Z/S and T/S are m-factors (this is
called an m-crossing in [8]). In the first cases we have that R*/R must be a
¢'-factor, whereas §*/S must be a c-factor. In the last case, the m-factors in
the crossing Z/S and T'/S have a maximal subgroup as common complement,
hence G/Z = G/T. On the other hand, Y;~/Y;~_; is a c-factor, then so is $*/T.
Therefore also S*/Z is a c-factor, whereas X;/X;_; is a ¢’-factor. We are then
in either case in the situation of the lemma. ]

(2.3) Definition: Let A be an irreducible G-group. We say that A is of cc'-
type in G if there exist two chief series of G in which one has the case (c) of
the precedent proposition with A ~¢ X;/X;_y. (Clearly this forces A to be
nonabelian.)
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(2.4) PROPOSITION: Let v be the number of equivalence classes of irreducible
G-groups of ¢c-type. Then the number of complemented chief factors on two
chief series of G differs by at most v.

Proof: It is a consequence of the proposition, as on a chief series of G for each
nonabelian crown there is at most one m’'-factor. If the crown corresponds to
a factor of cc’-type, this shows that on each chief series there is at most one
¢’-factor corresponding to the crown. |

(2.5) THEOREM: Let A be a nonabelian irreducible G-group. Then A is of
cc-type in G if and only if

Eg(A) < Dg(A4) < Ig(A)

and S(P) is a ¢-factor of P, where P is the corresponding primitive epimorphic
image of G.

Proof: Put E = E¢(A), etc. Assume that F < D < I. Then there exist normal
subgroups R and H of G such that I/R ~g A, H =Cg(B), B~g A, B%¢ F
if FeCF(G), H<I Put K =HNR. Then we have A ~¢ H/K. By (1.3),
H/K is a c-factor of G. As I/R is a ¢/-factor we are with a cc¢’-situation.

Conversely, if A is of c¢’-type, we obtain normal subgroups I, R, H and K of
G and a subgroup U of G such that I/R ~¢ A, I/R and H/K are m’-factors,
I/R is a ¢/-factor, I/R N\, H/K and U complements H/K in G. Observe that
R = Cg(I/R) = Cg(H/K). As in the proof of (1.3) we obtain a G-group B,
B ~¢ A, such that

Ce(B)=HCy(H/K)=H(UNR)=HK = H.

Suppose now that there exists F € CF(G) such that ¥ =2 B. Then Ig(F) =
Ic(B) = I and Cg(F) = Cg(B) = H, hence F =g I/H. Therefore I/H ~¢
I/R, hence G/K is a primitive group of type IIl and H/K is an m-factor, contrary
to the hypothesis. And we have that Dg(A) < R < I, Jg(A) < H < 1. ]

(2.6) THEOREM: Let G a primitive group of type Il and M = S(G). Let M =
Ty x-xT,, whereT; 2T, 1<i<n, T =T asimple group. Put N = Ng(T),
I =15(T), C = Cg(T). Then the following assertions are equivalent:
(1) M is a c-factor of G,
(2) either I/C is a c-factor of N, or I/C is a -factor of N and there exists an
N-group S ~n T such that M < Cn(S) < I.

Proof: Put K =Ty x -+ x T,,. By [4], M is a c-factor of G if and only if M/K
is a c-factor of N. By (1.3), M/K is a c-factor if and only if there exists an
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N-group S ~y T such that M < Cn(S). Observe that then S ~n T and that,
if I/C is a c’-factor, then Cn(S) < I. |
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